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Abstract- This paper presents experimental results
on the performance of a Proportional Retarded (PR)
control law tuned according to the σ-stabilization of
second order systems introduced in (Villafuerte and
Mondi é, 2010). The PR controller is compared with
other commonly employed strategies for avoiding the
time-derivative measurement in Proportional Derivative
control laws. Experiments in a laboratory prototype
show that the PR controller exhibits better noise at-
tenuation and tracking performance.

keyword: Second order system,σ-stable region, propor-
tional retarded control, DC servomotor.

I. I NTRODUCTION

This contribution concerns the properties of the tuning
strategy introduced in (Villafuerte and Mondié, 2010) for
the Proportional Retarded (PR) control law

u(t) = −kpθ(t) + krθ(t − h) (1)

wherekp is the proportional gain, andkr andh are the gain
and the delay of the retarded term, which is applied to the
second order system

θ̈(t) + 2δνθ̇(t) + ν2θ(t) = bu(t) (2)

whereν > 0, δ > 0 and b > 0. This equation, although
simple, is the first choice model for a wide range of physical
processes such as the DC servomechanism experimental
platform used in this research work.

The control law (1) appears as a simple alternative to the
proportional derivative (PD) feedback of the form

u(t) = −k1θ(t) − k2θ̇(t) (3)

when one wants to avoid the design of a dynamic feedback
involving an observer, or the use of analog devices such
as tachometers for measuring the time-derivativeθ̇ because
the high level of measurement noise of these sensors. The
key idea behind a PR controller is the substitution ofθ̇ in
(3) by the approximation

θ̇(t) ≈
θ(t) − θ(t − h)

h
for small h

whereh is the time-delay, and

kp = k1 + k2/h, andkr = k2/h. (4)

Notice thath is now a design parameter that can be used
for tuning.

Other strategies aimed to circumvent the measurement of
the time-derivativeθ̇ are the use of a high pass filter and
the approximation ofθ̇ by a backward difference (Astrom
and Wittenmark, Inc. 1990)

θ̇(kT ) ≈
θ(kT ) − θ(kT − T )

T
, (5)

with the sampling timeT selected according to engineering-
based criteria.

In the case of system (2) the shaping of the response
depends on the nature (real or complex conjugate), and on
the distance to the imaginary axis of the leading roots of
the closed loop characteristic quasipolynomial with infinite
number of roots

p(s, kp, kr, h) = s2 + 2δνs + ν2 + bkp − bkre
−hs. (6)

The stabilizing effect of delays in feedback has been stud-
ied in depth in the case of second order systems (Abdallah
et al., 1993) as well as in more general classes of oscillatory
systems (Karafyllis, 2008), (Moreno and Michiels, 2005),
(Suh and Bien, 1979).

The stabilization with prescribed exponential decay,
namedσ-stabilizability, has been addressed in the frame-
work of Linear Matrix Inequalities, (Fridman and Shaked,
2003), (Mondié and Kharitonov, 2005); however, these
approaches produce very conservative results if a solution
exists. Moreover, these methods do not give insight on
which roots are the dominant ones; hence, it is not possible
to fine tune the response.

Reference (Villafuerte and Mondié, 2010) presents a
detailed frequency domain analysis of theσ-stability of the
PR control law (1) in closed loop with system (2), resulting
in a tuning strategy.

The aim of this contribution is to experimentally eval-
uate on a benchmark DC servomechanism, presented in



Section II, the tuning strategy introduced in (Villafuerte
and Mondié, 2010) for a PR controller regarding noise
amplification and tracking performance. The main elements
of the tuning strategy are summarized in section III. Section
IV shows the experimental results concerning tracking and
control effort performance. These experiments allows com-
paring the PR controller with designs where an observer,
a high-pass filter and a backward difference approaches
estimate the time derivativėθ in a PD controller. This
section also discusses the noise performance issues of the
controllers employed in the experiments. The contribution
ends with some concluding remarks.

II. DC SERVOMOTOR EXPERIMENTAL SETUP

The second order DC servomechanism used in the ex-
periments is composed of a DC brushed motor controlled
through a Copley Controls PWM power amplifier, model
413, configured in current mode, and a BEI optical encoder
directly coupled to the motor shaft gives angular position
measurements. Resolution of the optical encoder is1024
pulses per revolution. A Servo To Go Inc. board endowed
with inputs for optical encoders performs data acquisition.
The electronics associated to these inputs multiply by 4 the
encoder resolution. In this way, one motor turn corresponds
to 4096 encoder pulses. A factor of1/4096 scales down
the angular position measurements. The card has 13 bits
digital-to-analog converters with an output voltage rangeof
±10v. All the programming is done using the Mathworks
MatLab Simulink environment under the Wincon real-time
software. The platform runs on a Personal Computer using
an Intel Core 2 quad processor, and the Servo To Go board
is allocated in a ISA slot inside this computer.

Figura 1. DC Servomotor experimental setup.

We consider the following second order model for the
servomechanism

Jq̈(t) + f q̇(t) = τ(t) = gυ(t) (7)

where q is the angular position,τ(t) the input torque,υ
the control input voltage,J the motor and load inertia,f

the viscous friction andg the amplifier gain. Observe that
equation (7) can be written as

q̈(t) = −aq̇(t) + bυ(t) (8)

where a = f/J , b = g/J are positive parameters. A
preliminary proportional control law

υ(t) = −kpreq(t) + u(t)

applied to (8) leads to a system of the form (2) with

ν =
√

bkpre andδ =
a

2
√

bkpre

.

In the above described platform, the estimated parameter
values area = 0.45 and b = 31. Therefore, for (8) in
feedback with the preliminary proportional control law with
kpre = 5 producesν = 12.45 andδ = 0.0181.

III. PREVIOUS RESULTS: σ-STABILIZABILITY

Given a line in the complex plane parallel to the imag-
inary axis, a retarded type quasipolynomial has a finite
number of roots at the right of this line. As a consequence,
these systems are of exponential order and their decay is
determined by the real part of their rightmost eigenvalues.In
particular, if this real part is negative, say−σ, σ ∈ R

+, then
the system is exponentially stable and its statex(t) satisfies
for some positive constantL the following inequality

|x(t)| ≤ Le−σt‖ϕ‖h, (9)

where ϕ is the initial condition and ‖ϕ‖h =
maxτ∈[−h,0] ‖ϕ(τ)‖.

Definition 1: The triplet (kp, kr, h) σ-stabilizes system
(2)- if the control law (1) is such that the rightmost
eigenvalue of the closed loop system is smaller or equal
to −σ.

As it is well known, the change of variables −→ (s−σ)
in the frequency domain ory(t) = eσtx(t) in the time
domain reduces the analysis of theσ-stability to the stability
analysis of the transformed quasipolynomial

pσ(s, kp, kr, h) = s2 + 2(δν − σ)s + (σ2 + ν2 − 2δνσ + bkp)

− bkre
hσe−hs. (10)

Remark 2:The decay of the autonomous system (u ≡ 0)
is δν. The analysis presented here is restricted to the case
of closed loop exponential decay fulfillsσ > δν with δν =
a/2 which corresponds to an improved system response
after applying the preliminary proportional control law.

A. Stabilizability regions

Clearly, theσ-stabilizability of system (2) is determined
by the quasipolynomial (10). A detailed analysis of this
quasipolynomial is presented in (Villafuerte and Mondié,
2010); it is based on the fact that the roots behavior in
the complex plane is continuous with respect to continuous
changes of the parameters (Neimark, 1949), and that candi-
date loci for the stability/instability boundaries of (10)occur
either at rootss = 0 or at pairs of pure imaginary roots



s = ±jω. Theσ-stabilizability regions are then determined
usingD-Partition techniques, (Neimark, 1949), by testing a
single point of each region with the help, for example, of
the Argument Principle.

As explained in (Villafuerte and Mondié, 2010), the
quasipolynomial (10) shows the typical delay-dependent
stability/instability phenomenon of theσ−stabilizability
regions depicted in the bi-dimensional plane(kr, h)
for a fixed gain kp. It is worth mentioning that the
σ−stabilizability regions in the plane(kr, h) grows as the
gain kp does. For the parameters of the servomotor under
consideration,kpre = 5, ν = 12.45 and δ = 0.0181, the
proportional gainkp = 27.571 is set so that the system
operates in a region were the control voltage remains into
the±10 volts range.

The main region of interest is the one with the smallest
delays because the achievable decayσ decreases ash grows,
and the stability region narrows significantly resulting in
fragile controllers. This region is fully characterized inthe
following result.

Lemma 3: (Villafuerte and Mondié, 2010) Letkp ≥ 0
and σ ≥ 0 be given. The first stability region of the
quasipolynomial (10) is defined as follows:
Upper boundary:For the selectedkp and σ, draw in the
(h, kr) plane

kr =
σ2 + ν2 − 2νδσ + bkp

behσ
,

whereh ∈
[

−2(δν−σ)
(σ2+ν2−2δνσ+bkp) , h(ω2)

]

. Here h(.) and ω2

are defined as

ω2 =
√

2 (−σ2 + 2σδν − 2δ2ν2 + ν2 + bkp)

and

h(ω) =
1

ω
cot−1

(

−ω2 + (σ2 + ν2 − 2δνσ + bkp)

−2(δν − σ)ω

)

+ n
π

ω
, n = 0, 1, . . . .

Lower boundary:For the selectedkp and σ, draw in the
(h, kr) plane

kr(ω) = −
2ω(δν − σ)

beσh sin(h(ω)ω)

with

h(ω) =

=

8

>

>

<

>

>

:

1
ω

cot−1

„

−ω2+(σ2+ν2
−2δνσ+bkp)

−2(δν−σ)ω

«

, ω ∈ [ε, ωe];

1
ω

cot−1

„

−ω2+(σ2+ν2
−2δνσ+bkp)

−2(δν−σ)ω

«

+ π
ω

, ω ∈ [ωe, ω2].

for ω ∈ [ε, ω2), ε > 0 andωe = min{ω2, σ
2+ν2−2δνσ+

bkp}.
This characterization allows drawing straightforwardly in

the bi-dimensional plane(kr, h) the first sigma stabilizabil-
ity region, corresponding to different values ofσ, as shown
in Figure 2.

Figura 2. σ-stable regions of system (1-2) forδ = 0.0181, ν = 12.45,
kp = 27.571 and σ∗ = 32: � σ ∈ (δν, 2), � σ ∈ (2, 12), � σ ∈

(2, 22), � σ ∈ (22, σ∗).

One observe that for a givenσ−stabilizability specifica-
tion, the same exponential decay is achieved at all points of
the boundaries. The upper boundary corresponds to the loci
of p(s, kp, kr, h) with at least one dominant real root at−σ,
while the lower boundary corresponds to pairs of complex
conjugate roots at−σ ± jω. We also observe that the level
curves collapse into a single point that corresponds to the
unique maximum achievable decayσ∗ that is characterized
next.

B. Maximum exponential decay strategy

The above description of theσ−stabilizability regions
along with the characterization of some key loci on the
σ−stabilizability boundary, allow computing, for a fixed
kp ≥ 0, the maximum achievable exponential decayσ∗ and
the corresponding retarded gaink∗

r and delayh∗.
Lemma 4: (Villafuerte and Mondié, 2010) Let the pro-

portional gain of the controllerkp ≥ 0 be given. Then, the
maximum exponential decayσ∗ of the closed loop system
(2-1) that can be achieved by using the pair(kr, h) is

σ∗ = δν +
√

ν2(1 − δ2) + bkp. (11)

and the closed loop system has tree leading real roots
located at−σ∗. Moreover, the values of the delay gaink∗

r

and of the delayh∗ that σ-stabilize the system (2-1) with
exponential decayσ∗ are

h∗ = −
2(δν − σ∗)

ν2 + (σ∗)2 − 2δνσ∗ + bkp

, (12)

k∗

r = −
2(δν − σ∗)

bh∗eσ∗h∗
. (13)

IV. COMPARATIVE STUDY

The purpose of the following experiments is to com-
pare the noise attenuation and tracking performance of
the PR controller, tuned using the rules (12) and (13),
with commonly employed strategies for avoiding the time-
derivative measurement in Proportional Derivative control.



These schemes are essentially a PD controller in which the
time derivatives of the statėq(t) or the time derivative of
the position erroṙe(t) are produced by an observer, a high-
pass filter and a backward difference approximation. For
a fair evaluation, the same rightmost closed-loop roots are
assigned in all the schemes.

A. Controllers design

Proportional Retarded Control (PR): The control law
is designed according to the maximum exponential decay
strategy of Lemma 4. The proportional gain is set tokp =
27.57 so that the system operates in a region were the
control voltage does not go to saturation. It follows from
(11) in Lemma 4 that the maximum achievable decay is
σ∗ = 32 with tree leading real roots at this value. The
retarded gaink∗

r = 23.794 and the delayh∗ = 0.03147 are
readily computed from equations (12) and (13), respectively.

Proportional Derivative Control with a high-pass filter
(PD+HPF): The Proportional Derivative controller (3) is
designed by setting the closed-loop polynomial to(s + σ)2

for σ = 32. This is achieved with the proportional gain
k1 = 33 and the derivative gaink2 = 2. The high-pass
filter G(s) = 300s/(300 + s) allows obtaining the time
derivative estimates. In the experiments, two possible cases
are tested. In the first one, the high-pass filter estimates
the time derivativėe(t), while in the second case, the filter
produces an estimate ofq̇(t) that is used in the so-called
tachometric feedback (PD+HPF+Tac) consisting on feeding
back the velocityq̇(t) instead of the time derivative of the
position errorė(t).

Proportional Derivative Control with an Observer
(PD+Obs): The Proportional Derivative controller is the
same as the one designed for the PD+HPF scheme(k1 =
33, k2 = 2). In view of the separation principle, this control
law uses the Luenberger observer

˙̂x = Ax̂ + Bu + Ko(y − Cx̂) (14)

with the gain

K0 =

(

319.55
25456.20

)

,

This choice corresponds to an observation error dynamic
6 times faster than the dynamics assigned by the control
law (s + σ)2. The experiments consider using the tacho-
metric feedback in combination with the state observer
(PD+Obs+Tac).

Proportional Derivative Control with backward dif-
ference substitution (PD+bwd):For completeness, we also
test the popular straightforward estimation ofq̇(t) by the
backward difference (5) obtained from Euler’s formula, and
used into the Proportional Derivative control law (3). In this
case, a standard engineering choice for a10 000 pulses/rev
encoder is to selectT in the range of1 ms (PD+bwd1)
to 5 ms (PD+bwd2).

B. Experimental results

In this section, the above controller configurations are
tested on the DC servomechanism platform described in
Section II. The reference signal we use for comparing the
control schemes is a combination of a sinus and a square
signal.

Figura 3. Output variable: PR, PD+Obs and PD+HPF.

Figura 4. Output variable: PR, PD+Obs+Tac and PD+HPF+Tac.

For evaluating tracking performance, we also present
on Table 1 the mean square error, defined as mse(t) =
1
m

∫ m

0
|e(t)| dt wherem > 0, ande(t) = r(t) − q(t) is the

position error.

Control Mse
PR 0.2279
PD+HPF 0.2384
PD+HPF+tac 0.3387
PD+Obs 0.2436
PD+Obs+Tac 0.3366
PD+bwd1 0.2978
PD+bwd2 0.2494

Table 1: Mean square error.



Figura 5. Output variable: PR, PD+bwd1 and PD+bwd2.

The experimental results of Figures 3, 4 and 5 show that
the servomechanism in closed loop with the PR control law
has a satisfactory behavior. Moreover, it follows from Table
1 that it has the smallest mean square error among all the
control law tested in the experiments. The control signals
are depicted in Figures 6 and 7 . Notice that for better
visibility the scales for the control amplitude are not the
same. Table 2 depicts the highest control peak for each
control law as well as the mean square control effort.

Figura 6. Control signals: PD+bwd1, PD+bwd2, PD+HPF,
PD+HPF+TAC.

Figura 7. Control signals: PR, PD+Obs and PD+Obs+TAC.

Control maximum control amplitude MSU
PR 20 0.935
PD+HPF 240 1.142
PD+HPF+Tac 8 0.7572
PD+Obs 58 1.043
PD+Obs+Tac 12 0.756
PD+bwd1 1290 2.676
PD+bwd2 275 1.67

Table 2: Maximum control amplitude.

The control signals depicted on Figures 6 and 7 and
Table 2 show clearly that the use of both, the backward
difference substitution and the high pass filters, results
in control laws with large amplitude peaks, significantly
greater magnitudes, and great sensitivity to noise. It should
be mentioned that the sound during experiments reflects
these facts, i.e., the PD controller using these velocity
approximations produces a lot of acoustic noise. In this case,
the PR controller works silently. As one observes in Figure
7, the performance of the PR and the observer-based control
laws are quite similar regarding control signal activity.

C. Noise amplification issues

This section presents a discussion of the experimental
results in the light of the frequency domain analysis of the
different control laws.

The transfer functions of the controllersG(s) = u(s)
−q(s)

under consideration are the following.
• PD (Ideal case)

GPD(iω) = k1 + k2ωi.

• PD+HPF

GPD+HPF (iω) =
(k1 + 300k2)ωi + 300k1

iω + 300
.

• PD+Obs

GPD+Obs(iω) =

(k01k1 + k2k02)ωi + k01k1a + k02k1

k01a + k01bk02 + k02 + bk01 − ω2 + (bk2 + k01 + a)ωi
.



• PR

GPR(iω) = kp−kre
−hiω = kp−kr(cos(hω)−i sin(hω)).

The Bode gain diagrams of the first PR, ideal PD,
PD+HPF, PD+obs are shown in Figure 8.

Figura 8. Bode gain Diagrams: PD ideal case, PD+Obs, PD+HPF and
PR.

These Bode diagrams show that the PR and the PD+Obs
control laws have a lower gain at high frequencies. Then, it
significantly attenuates high frequency measurement noise.
Next, we present, the Bode gain diagrams corresponding to
the PR, ideal PD, PD+bwd1 and PD+bwd2 control schemes.
The diagrams for the backward difference approach is only
indicative as it does not include a sample hold device.
Notice in these diagrams that the PR controller has the
lowest gain at high frequencies.

Figura 9. Bode gain Diagrams: PD ideal case, PD+bwd1, PD+bwd2 and
PR.

V. CONCLUDING REMARKS

This work presents an experimental evaluation of the
performance of a PR controller tuned according to the
rules given in reference (Villafuerte and Mondié, 2010).
Experiments show that the PR controller outperforms a PD

controller where the time derivative is produced by a high-
pass filter or a backward difference approach, in terms of
the mean square error and control effort. The PR controller
is able to give the same performance that an observer
based control law. It is worth remarking that tuning of
the PR controller requires the same prior knowledge about
the servomechanism parameters than an observer design.
A comparative study of the Bode magnitude diagrams for
the controllers employed in the experiments reveals that
the PR controller together with the observer-based control
law, have the lowest gain at high frequencies; however,
the PR controller is less computationally demanding. In
this regard, notice that a real-time implementation of an
observer-based control law requires solving on-line a pair
of differential equations, whereas the PR controller only
requires a few kilobytes of memory allocation for imple-
menting the delay. These issues are paramount when these
controllers are implemented in low-cost microprocessors.
Moreover, compared with LMI approaches, tuning of the PR
controller is straightforward and it is not based on iterative
numerical methods.
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